
THE INTEGRAL REPRESENTATION OF FRACTIONALLY 

EXPONENTIAL FUNCTIONS AND THEIR APPLICATION 

TO DYNAMIC PROBLEMS OF LINEAR VISCO-ELASTICITY 

S. I .  M e s h k o v  

Fract ional ly exponential functions are  written in the integral  form and distribution functions 
with an Abelian singulari ty are obtained for  the corresponding relaxation and re tardat ion 
spectra .  A principle is stated, defining the dynamic problems for which weakly singular 
functions can be used as the kernels of the integral opera tors .  A one-dimensional  sound wave 
t ravel ing in a semiinfinite v i sco-e las t i c  medium is considered.  The general ized exponential 
functions of fractional order ,  proposed by Yu. N. Rabotnov [1, 2] as the kernels of Boltzmann- 
Vol te r ra  integral relat ions,  have found wide applications in theory of linear visco-elas t ic i ty .  
This is explained par t ly  by the great  mathematical  flexibility of the F -ope ra to r s  when ap-  
plying the Vol te r ra  principle to the solution of e las t ical ly  heredi tary  problems and par t ly  
by the fact that. almost  all weakly singular kernels possess ing  an Abelian singulari ty are 
connected in some way or other  with the F-functions. For  example, the resolvent  of the e le -  
mentary  weakly singular Abelian kernel is an F-function. The product  of an exponential func- 
tion with an Abelian kernel represen ts  a pa r t i cu la r  case of the product of two F-functions 
with different fractional p a r a m e t e r s ,  while the resolvent  of such a kernel is the product of 
an exponential function with an F-funct ion [3, 4]. Since the e-functions are  defined by slowly 
convergent  se r ies ,  their  various asymptotic forms [2, 5-8] are  commonly used in prac t ica l  
calculations.  The theory of F-functions can be developed fur ther  in the context of their  in- 
tegral  representa t ions ,  which enables a more  exact physical  interpretation to be given to 
their  p a r a m e t e r s  and on occasion simplifies computational operations.  

1. The most  general  definition of FT-funct ions is given in [1]; while the same approach will be used 
here,  the working will be pe r fo rmed  in Laplace space and different notation is introduced. 

The following relat ions between the s t r e ss  cr and deformation e are taken as fundamental: 
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H e r e  E,~ = Joo-1, E0 = j0-1 a r e  r e s p e c t i v e l y  the  n o n r e l a x a t i o n  and r e -  
l a x a t i o n  v a l u e s  of the  e l a s t i c  modu lus  and p l i a b i l i t y ,  whi le  R(t) and K(t) a r e  
the  r e l a x a t i o n  and a f t e r - e f f e c t  k e r n e l s ,  which  a r e  e x p r e s s i b l e  in t e r m s  of 
the  d i s t r i b u t i o n s  Al (z  , "re) and Bi(%~-a) of the  r e l a x a t i o n  t i m e  "re and r e t a r -  

da t i on  t i m e  T a r e s p e c t i v e l y  

oo 

- R ( t ) =  ~c-~A~('~, ~r162 K ( t ) = ~ ' r ~ B ~ ( ' r  %a) e-t/~d'~, 
0 o 

(1.2) 

The e x p r e s s i o n  c onne c t i ng  the L a p l a c e  t r a n s f o r m a n t s  R . (p)  and K,(p)  
of  the  r e l a x a t i o n  and a f t e r - e f f e c t  k e r n e l s  is  

E ~  --  Eo = EooR~ ~ (P) --  EoK-~ ~ (P) , (1.3) 

The  s i m p l e s t  h e r e d i t a r y  func t ion  p o s s e s s i n g  an i n t e g r a b l e  s i n g u l a r i t y  is the  Abel  k e r n e l ,  wh ich  
c h a r a c t e r i z e s  the  u n s t e a d y  p r o c e s s .  It can  t h e r e f o r e  be  u s e d  m e a n i n g f u l l y  as  the  a f t e r - e f f e c t  k e r n e l  for  
d e s c r i b i n g  u n s t e a d y  c r e e p  [9]. But f o r m a l l y ,  t h e r e  a r e  two p o s s i b i l i t i e s  

K ( t )  = t~-~/r(~,)v~, R ( t )  = t~-~ / P(y)~,~, E0~ ~ = Eoo~J. �9 (1.4) 

He re  F(y) i s  the  g a m m a  func t ion ,  and T i ts  p a r a m e t e r  of s i n g u l a r i t y  (0 < 7 ~ 1). The fo l lowing  is  
then  ob t a ined  f r o m  (1.3) fo r  the  c o r r e s p o n d i n g  r e s o l v e n t s  in L a p l a c e  s p a c e :  

R . ( p ) = v C l [ ~ / - ~ ( p ~ ) ~ +  i] -1, K . ( p ) = v C ~ [ v - l ( p ~ )  ~ -  i.] ~ -  (1.5) 

H e r e  and be low,  we t ake  -~ = ~-e if v = r e ,  and ~- = "r(r if v = vcr , w h e r e  "r and v a p p e a r  without  s u b -  
s c r i p t s .  

T h e r e  a r e  two ways  of t r a n s f o r m i n g  to the  s p a c e  of o r i g i n a l s :  f i r s t ,  by  f o r m a l  e x p a n s i o n  of  the  r igh t  
s i d e s  of (1.5) in p o w e r s  of v (P '0 -7 ,  fo l lowed by  t e r m - b y - t e r m  p a s s a g e  to the o r i g i n a l ,  and s e c ond ,  by d i -  
r e c t  a p p l i c a t i o n  of  the  M e l l i n - F o u r i e r  i n v e r s i o n  f o r m u l a .  In the  f i r s t  c a s e ,  

/ ~ ( t ) = ~ - ~ F ~ ( ' ~ ,  t]~),  K ( t ) = v z - ~ F ~ ( ~ ,  t/ '~), 
oo 

F~(4-V, t / ~ ) - - t  ~-1 ~ ( i :~)~( t /~)~ 
n ~ 0  

(1.6) 

H e r e  F 7 is the Rabo tnov  f r a c t i o n a l l y  e x p o n e n t i a l  func t ion  [1, 2], which  is s e e n  f r o m  (1.6) to be  d e -  
f ined by  e i t h e r  an o r d i n a r y  o r  an a l t e r n a t i n g  s e r i e s .  

When the  M e l l i n - F o u r i e r  f o r m u l a  is  a p p l i e d  d i r e c t l y ,  an i n t e g r a l  f o r m  is ob ta ined  for  the  F T - f u n e -  
t ion  

-i c-- ioo �9 

R ( t ) = ~ - Y F ~ ( - - v , t / ~ : ) =  "~- ~ exp(pt)dp 
2~i J t ' v -l r~xY " 

c - - i o o  T , L P  ~ ]  

(1.7) 

H e r e  the  c a s e  when the minus  s ign  a p p e a r s  in f ront  of the  p a r a m e t e r  v of the F y _ f u n c t i o n  is t aken  
fo r  c l a r i t y ,  s i n c e  th i s  is  the  mean ing fu l  c a s e  a s  r e g a r d s  a p p l i c a t i o n s .  

When % ~ 1, the  s i n g u l a r  p o i n t s  of the i n t e g r a n d  of (1.7) a r e  the  b r a n c h  p o i n t s  p = 0 and p = co, and 
the  s i m p l e  p o l e s  at the  p f o r  which the  d e n o m i n a t o r  (p~-)T + v v a n i s h e s .  The l a t t e r  a r e  

Pl,2 = ~-%1/~ [cos (x/T) ~ i sin (3 1 ~)] , (1,8) 

The i n v e r s i o n  t h e o r e m  can  on ly  be  app l i e d  to m a n y - v a l u e d  func t ions  having b r a n c h  p o i n t s  on the  f i r s t  
s h e e t  of the  R i e m a n n  s u r f a c e ,  i . e . ,  wi th  -Tr ~ a r g  p -< 7r, and the  r e s i d u e s  at the po in t s  P ip  a r e  d i s c o u n t e d  
when e v a l u a t i n g  the  l ine  i n t e g r a l  (1.7). On the  o t h e r  hand,  when 7 = 1, the  one s i n g u l a r  po in t  p = p~.-i is  a 
p o l e  of the  f i r s t  o r d e r ,  and the  i n t e g r a l  is  e v a l u a t e d  s i m p l y  by  f inding  the  r e s i d u e  at t h i s  po in t .  Tak ing  a 
con tou r  of i n t e g r a t i o n  wi th  a cu t  a long the  n e g a t i v e  r e a l  ax i s  and app ly ing  C a u c h y ' s  t h e o r e m ,  we get  
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co 
sin~7 ~ T-~exp(--t/~)dv 

�9 ~ 

F~(- -~ ,  t / ~ ) = e x p ( - - v t / ~ )  ( 7 =  ~)-  

(~.-# t )  
(1 .9)  

C o m p a r i n g  (1.2) and (1.9), the  d i s t r i b u t i o n  of the  r e l a x a t i o n  t i m e  can  be  w r i t t e n  in the  e x p l i c i t  f o r m  

Az(T, %~) = sinn~; r f  �9 x~ �9 -~ _~ 
(1.10) 

When ~- is  s m a l l ,  the  a s y m p t o t i c  e x p r e s s i o n  

.A 1 (,~, ,l:,e) = Sill 37'[ "~Y-1 
(1.11) 

is  o b t a i n e d ,  which  is none o t h e r  than  the  d i s t r i b u t i o n  for  the  Abel  k e r n e l .  

F o r ,  on s u b s t i t u t i n g  (1.11) in (1.2) and w r i t i n g  the  g a m m a  funct ion in E u l e r ' s  i n t e g r a l  f o r m ,  (1.4) is  
ob ta ined .  In s h o r t ,  c o r r e s p o n d i n g  to R a b o t n o v ' s  r e l a x a t i o n  k e r n e l  (1.6),  wi th  an A b e l i a n  s i n g u l a r i t y  at t = 0, 
we have  the d i s t r i b u t i o n  (1.10), l i k e w i s e  wi th  an Abe l i an  s i n g u l a r i t y ,  though now wi th  r e s p e c t  to the  r e l a x a -  
t ion  t i m e  at ~- = 0. It m a y  e a s i l y  be s e e n  tha t  the  d i s t r i b u t i o n  funct ion Al(%'re)  t ends  to z e r o  as  -r ~ oo, and 
has  a m a x i m u m  p r o v i d e d  that  ~/>- s in~T,  i . e . ,  T ~ 0.738. Th is  is  s e e n  c l e a r l y  in Fig .  1, w h e r e  the  f i g u r e s  
on the  c u r v e s  r e f e r  to the  v a l u e s  of  the  p a r a m e t e r  T, and it is  a s s u m e d  tha t  v e = 1, ~'e = 1. It should  be  
m e n t i o n e d  tha t ,  when Ps = 1, the  p r o p e r t i e s  of  the F T - f u n c t i o n s  a r e  such  tha t  the r e l a x a t i o n  k e r n e l  and i t s  
r e s o l v e n t  (the a f t e r - e f f e c t  ke rne l )  can  be  w r i t t e n  in a s y m m e t r i c  f o r m ,  n a m e l y ,  

B ( t ) = ~ - ~ F y ( - - ~ l ,  t / r , ) ,  K ( t ) = ~ - ~ F y (  - t, t }T : ) ,  (1.12) 

An i m p o r t a n t  p r o p e r t y  of w e a k l y  s i n g u l a r  d i s t r i b u t i o n s  of the  r e l a x a t i o n  t i m e  is that  the  c o r r e s p o n d -  
ing d i s t r i b u t i o n s  of the  r e l a x a t i o n  t i m e  l o g a r i t h m s  have no s i n g u l a r i t y .  F o r ,  on s u b s t i t u t i n g  s = In vei/~/ �9 
~-~-e - t  in (1.2) and (1.10), (1.11), the r e s p e c t i v e  e x p r e s s i o n s  

A2 (s) = [2~ (ch ys + cos ~7)] -1 sin ~7, v~A~ (s) = ~-1 sin (~7) exp (ys) (1.13) 

a r e  ob ta ined .  

The  f i r s t  of  (1.13) was  ob t a ined  in [10] when i n v e s t i g a t i n g  the  d i s p e r s i o n  of a d i e l e c t r i c  cons tan t ,  It 
is c l e a r  f r o m  Fig .  2, w h e r e  the  n u m b e r s  on the  c u r v e s  aga in  r e f e r  to the  va lue  of T, tha t  the  g r a p h  of  A2(s ) 
is  a s y m m e t r i c a l  hump,  wi th  a m a x i m u m  at s = 0 equal  to 

A2 (0) = 1/2 ~-1 t g ~ ,  ~P = 1/2 ~7 " 

2. C o n s i d e r  the  b e h a v i o r  of  the  e l a s t i c a l l y  h e r e d i t a r y  r e l a t i o n s h i p s  (1.1) in the  c a s e  of h a r m o n i c  
d e f o r m a t i o n  ( s t r e s s ) .  On w r i t i n g  (1.1) in F o u r i e r  s p a c e  (p ~ iw), we then  ob ta in  

t Z $  w=.-~- ,  w=x~-}-iy~, = x a - - i y ~ .  (2.1) 

He re  w = E/E~o and z* = J/Joo a r e  the  c o m p l e x  v a l u e s  of  the  modu lus  and p l i a b i l i t y  r e s p e c t i v e l y ,  
t h e i r  r e a l  and i m a g i n a r y  p a r t s  b e i n g  g iven  b y  

co co 

x~ = i -- v~I R(t)coso)tdt, y~ = v~ I R ( i ) s i n  (0t dt (2.2) 
o o 

o o  o a  

x ~ = t @ v a  f K(t)  coso)tdt, y ~ = v ~  ! K(t)sincot d t ,  (2.3) 
0 0 

In o t h e r  w o r d s ,  fo r  the  e l a s t i c a l l y  h e r e d i t a r y  m e d i a  (1.1), t r a n s f o r m a t i o n  f r o m  the p l i a b i l i t y  to the  
modu lus  is  p o s s i b l e  v i a  the  func t ion  of  a c o m p l e x  v a r i a b l e  (2.1). Since  the  i n t r o d u c t i o n  of the  % - f u n c t i o n s  
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Fig.  3 

involves finding the resolvent kernels, it seems worth discovering the 
quantities which are resolvent invariants, i.e., remain unchanged in the 

Fourier space on mapping from the plane of the complex pliability to the 
plane of the complex modulus. From (2.1), there are in general two inde- 

pendent resolvent invariants. First we have the ratio of the imaginary to 
real parts of the modulus and pliability, or the tangent of the so-called 

angle of mechanical loss 

tg q)=y~ / x~, j = s ,  (~, q) ~ [0, 1 /~] .  

Second ,  it  is  e a s i l y  s e e n  f r o m  (2.1) tha t  the  e x p r e s s i o n  

(xo ~ + ~ J ) ( x ;  ~ + ~ J )  = 

(2.4) 

(2.5) 

is i n v a r i a n t .  

In p a r t i c u l a r  c a s e s  t h e r e  m a y  be  m o r e  than two i n v a r i a n t s .  

In the  l ight  of  t h e s e  g e n e r a l  r e m a r k s ,  c o n s i d e r  how the c o m p l e x  p l a n e s  of the  modulus  and p l i a b i l i t y  

b e h a v e  when ob ta in ing  the  F T _funct ions .  

F o r  A b e l ' s  a f t e r - e f f e c t  k e r n e l  (1.4) and the c o r r e s p o n d i n g  Rabotnov  r e l a x a t i o n  k e r n e l  (1.6), we have 

x o =  t + v (c0~)-~ cos ~, g~ = ~ (o~)-~' sin ~p (2.6) 

~-1 (~)-~ + cos r sin r (2.7) 
x~ --  v-~ (co'~) "~ -4- v (co~) -'t + 2 cos ~p ' g'  v-~ ((o'~) "~ + v (~'~)-'~ -4- 9. cos ~ �9 

The  d i s p e r s i o n s  of (2.6) and (2.7) a r e  i l l u s t r a t e d  in Fig .  3, w h e r e  the  p a r a m e t e r  va lue  3/= l/2 is  
t aken .  The  m a x i m u m  of Ys is r e a c h e d  when v-l(w~-)~ = 1 and is equa l  to y~(m) = 1/2 tg  t/2~. 

E q u a t i o n s  connec t i ng  xj and yj a r e  e a s i l y  ob ta ined  f r o m  (2.6) and (2.7) 

~o = (xo - 1) tg 4 ,  (x, - -  1/2)~ + (y~ + 1/2 c~g ~p) ~ = ~/~ csc ~ r  ( 2 . s )  

In the  (x(~,ycr) p l a n e  of the  c o m p l e x  p l i a b i l i t y  a s t r a i g h t  l ine is  ob t a ined ,  cu t t ing  the  ax i s  of a b s c i s s a e  
at the  po in t  x~ = 1 at  an angle  2~ - 0, 0 = l/2u~/, m e a s u r e d  in the  p o s i t i v e  d i r e c t i o n  ( c o u n t e r c l o c k w i s e ) .  

In the  p l a n e  (xs ,ys )  of the  c o m p l e x  m o d u l u s ,  the equa t ion  of a c i r c l e  is ob t a ined ,  w i th  c e n t e r  at  

x~ ~ =1/2,  y~~ = - - i / 2 c t g  

and p a s s i n g  t h r o u g h  the  o r i g i n ,  s i n c e  i ts  r a d i u s  is  

r = 1/z csc r  (2.9) 

When 7 = 1, ~ = i/2u , the  b e h a v i o r  of  the  c o m p l e x  modu lus  c o r r e s p o n d s  to M a x w e l l ' s  r h e o l o g i c a l  

mode l .  

Th i s  fact  is  i l l u s t r a t e d  in Fig .  4a ,  w h e r e  the  a b s c i s s a  r e p r e s e n t s  the  r e a l  x j ,  and the o r d i n a t e  the  
i m a g i n a r y  yj .  The  n u m b e r s  on the c u r v e s  r e f e r  to the  v a l u e s  of T. The poin t  xj = I c o r r e s p o n d s  to w = ~ .  

It c an  be  v e r i f i e d  by  d i r e c t  s u b s t i t u t i o n  of  (2.6) and (2.7) in (2.4) and (2.5) that  the r e l e v a n t  quan t i t i e s  
a r e  i n v a r i a n t ,  the  t angen t  of the  angle  of m e c h a n i c a l  l o s s  b e i n g  equal  to 

tg q) = [cos ~ + v -~ (o)T) Y ]-1 sin ~ .  (2.10) 

The e x p r e s s i o n  (2.10) was  used  in [11] for  d e s c r i b i n g  the  b a c k g r o u n d  of i n t e r n a l  r e l a x a t i o n  f r i c t i o n  
and i t s  p h y s i c a l  c h a r a c t e r i s t i c s  and, in p a r t i c u l a r ,  for  f ind ing  the t r u e  va lue  of the a c t i va t i on  e n e r g y .  

@ 0 

a b 

\ 

It should  be  m e n t i o n e d  that  t h e r e  is a t h i r d  i n v a r -  
iant  in the  c a s e  of k e r n e l s  wi th  an A be l i a n  s i n g u l a r i t y ,  
n a m e l y  the  tangent  tg  ~ of the  angle  at which  the  t angen t  
to the  c u r v e  in the c o m p l e x  p l a n e  cu t s  the  r e a l  ax i s  at 
w = ~ ,  i . e . ,  the  a b s o l u t e  v a l u e  of  the  ang le  ~b r e m a i n s  
unchanged  at the  po in t  c o r r e s p o n d i n g  to w = ~ .  

Fig. 4 
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All  in a l l ,  it c an  be s a id  that  the  A b e l i a n  s i n g u l a r i t y  of h e r e d i t a r y  k e r n e l s  wi th  r e s p e c t  to t i m e  at 
t = 0, and of  the  c o r r e s p o n d i n g  d i s t r i b u t i o n  func t ions  wi th  r e s p e c t  to the  r e t a r d a t i o n  ( r e l axa t ion )  t i m e  at 
~- = 0, de f i ne s  in the  c o m p l e x  p l a n e s  of  the  p l i a b i l i t y  and modu lus  the ang le  r = i/2 7W b e t w e e n  the  t angen t  to 
the  i m a g i n a r y  c u r v e  and the  r e a l  ax i s  at the  f r e q u e n c y  w = ~ .  If 2/= 1 t h e r e  is  no s i n g u l a r i t y  and we get ,  
e .g . ,  M a x w e l P s  m o d e l w i t h  r =1/27r. S ince  the  d i m e n s i o n l e s s  p a r a m e t e r  w'r a p p e a r s  when so lv ing  mos t  p r o b -  
l e m s  in t h e o r y  of l i n e a r  v i s c o - e l a s t i c i t y ,  an Abe l i an  s i n g u l a r i t y  can  on ly  be  d i s c o v e r e d  v i a  the  p a r a m e t e r  
% which  u s u a l l y  a p p e a r s  as  the  p o w e r  in (w~-)2/. In c a s e s  w h e r e  ~- and w f e a t u r e  i ndependen t ly  of one 
a n o t h e r ,  the  Abe l i an  s i n g u l a r i t y  r e v e a l s  i t s e l f  d i r e c t l y  at ~- = 0 o r  w = ~ .  Th is  fact  is e x e m p l i f i e d  be low by  
the c a s e  of a sound wave  t r a v e l i n g  in an e l a s t i c a l l y  h e r e d i t a r y  m e d i u m .  

If the symmetric expressions (1.2) for- the relaxation and after-effect kernels in terms of the F T- 
functions are used, the complex values of the pliability and modulus may be written as 

(~j)-'~ + cos ap vj sin 
x i = I ~ v i -((0Ti) ~ + (~ + 2 cos ~ ' Yi : (r r + ((0~i)_ v + 2 cos r ' (2.11) 

The  d i s p e r s i o n s  of t he  quan t i t i e s  (2.11) a r e  g iven  in [12, 13]. 

On e l i m i n a t i n g  the p a r a m e t e r  w~- f r o m  (2.11),  the  equa t ion  of a c i r c l e  is ob t a ined  in both  c a s e s  

[xj - -  ( t  ~ 1/zv~)]2 + (yj + 1/z v j  ctg ~p)~ 1/aVi2CSC2 ~p ~ (2.12) 

The  c i r c l e  (2.12) of r a d i u s  r a = 1/2p ~ e s c  r w i th  c e n t e r  at  

xz e : l + x / 2 v a ,  y : r 1 6 2  

cu t s  the  r e a l  x~ ax i s  at the  p o i n t s  

x~ (~ , )  = t,  xo (0) = 1 § v~ --  ] o J ~  -~ . 

The c i r c l e  (2.12) of r a d i u s  r e : I/2V e CSC r wi th  c e n t e r  a t  

x, ~ = t - 1 / 2 v , ,  y c = _ l / 2 v ~ c t g  

cu t s  the  r e a l  x e ax i s  at  the  p o i n t s  

x ,  (O) = l - -  v~ = E o E ~  -1 ,  x ,  ( o o )  = 1 

This  m e a n s  tha t  tg(vr - r = tg(27r - r i . e . ,  [~ = inva r .  Th i s  is  c l e a r  f r o m  Fig.  4b, w h e r e  we t ake  
E o E ~ - t  = T = 1/2. It is  c l e a r l y  s e e n  tha t ,  as  EoEr -1 --~ 0, F ig .  4b t r a n s f o r m s  into Fig .  4a .  

Subs t i tu t ion  of  (2.11) in (2.4) and (2.5) c o n f i r m s  that  the  f i r s t  two i n v a r i a n t s  a r e  c o r r e c t ,  whi le  

t g ~ = [ E ~ ( ~ ~  E0)sin q~, (2.13) 

E x p r e s s i o n  (2.13) was  used  in [14] fo r  d e s c r i b i n g  the p e a k  of i n t e r n a l  f r i c t i o n  when the  l o g a r i t h m  of  
the  r e l a x a t i o n  t i m e  has  a s y m m e t r i c  s p e c t r u m .  

Due to the  s y m m e t r y  of  the  c h o s e n  r e l a x a t i o n  and a f t e r - e f f e c t  k e r n e l s ,  the  modu lus  of the  ang le  r 
r e m a i n s  unchanged  when w = 0, as  wel l  a s  when w = oo. Th is  fact  r e s u l t s  in e x t r a  r e s o l v e n t  i n v a r i a n t s  
m a k i n g  t h e i r  a p p e a r a n c e .  E x a m p l e s  inc lude  the r a t i o s  of the  l eng ths  of the  c i r c l e s  to the  modulus  and 
p l i a b i l i t y  de f i c i enc ie s~  the r a t i o s  of  the  a r e a s  of  the  c i r c l e s ,  and the  r a t i o s  of  the  c o r r e s p o n d i n g  s e g m e n t s  
in the  c o m p l e x  h a l f - p l a n e s  to the  s q u a r e s  of the  modulus  and p l i a b i l i t y  d e f i c i e n c i e s .  

3. As an e x a m p l e  i l l u s t r a t i n g  the  a p p l i c a t i o n  of F T - f u n e t i o n s  to d y n a m i c  p r o b l e m s  of h e r e d i t a r y  
e l a s t i c i t y ,  t ake  the  p r o p a g a t i o n  of a o n e - d i m e n s i o n a l  p l a n e  t r a n v e r s e  sound wave in the  p o s i t i v e  d i r e c t i o n  
of  the  x a x i s .  In view of (1.1), the  equa t ion  of  mo t ion  can  be  w r i t t e n  in the  two equ iva l en t  f o r m s  

0" R (t') u (t  - -  t', x) dr' 12 ~ 0o0 2 ~ U - -  W e 

L 0 (3.1) 
c o  

u'" = c ~  ~ ~O~u - v~ ~ K (t') u ( t - -  t', z )  dt:  . 
o 
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H e r e  u = u(x,t) is  the  d i s p l a c e m e n t  v e c t o r  in the  d i r e c t i o n  p e r p e n d i c u l a r  to the  x a x i s ,  whi le  the  do t s  
deno te  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to t i m e .  

F o r  the  s t a t i o n a r y  s o l u t i o n  

u (x, t) = X (x) e ~'~t (3.2) 

the  fo l lowing  equa t ion  is ob t a ined  f r o m  (3.1) fo r  the  funct ion  X(x): 

d z X  L'z ~ - 2  ~ - i  
d x  ~ -I- L ~ X  ~ O, c m  o) w ~--- coo -~' o3Vz* �9 (3.3) 

The  so lu t i on  of  (3.3) is  

x (x) = Ae iZx+ Be lXX  , (3.4) 

The  c o n s t a n t s  A and B a r e  found f r o m  the b o u n d a r y  c o n d i t i o n s .  It is e a s i l y  shown tha t ,  for  a wave  
d a m p e d  at x >- 0, we have A = 0, B = X(0). The  so lu t i on  of (3.2) is  thus  

u (x, t) = X (0) exp [~(o~t - -  k x ) - - a x ]  (3.5) 

k = coo - i  r 1 z I v~ cos i A 9 = coo - i  o) I w [ -'/~ cos 1A (p (3.6) 

a = coo - i  ~o I z }'/' sin i/~ (p _~ Coo-1 (0 ] w I "'/~ s i n  i/.2 q ) .  ( 3 . 7 )  

H e r e ,  k is  the  modu lus  of the  wave v e c t o r ,  ~ the  c o e f f i c i e n t  of a b s o r p t i o n ,  and go the  p h a s e - s h i f t  b e -  
tween  the s t r e s s  and d e f o r m a t i o n ,  g iven  by  (2.4). 

E q u a t i o n s  (3.6) g ive  the  p h a s e  v e l o c i t y  c and the l o g a r i t h m i c  d e c r e m e n t  A, de f in ing  the  wave  a t t e n -  
ua t ed  in s p a c e  

c ~-  o) k - i  = c d d z  I - ' / ' seel l~q) = ccoiwl ,/ ,  see  l/2 q) (3, 8) 

z~ = In [u (x, t) / u (z q- 2~tc0-i c, t)] = 2~ tg 1/~ = 2zak-i , (3.9) 

The wave  c h a r a c t e r i s t i c s  (3 .6)- (3 .9)  i l l u s t r a t e  the  p r o p e r t i e s  of w e a k l y  s i n g u l a r  h e r e d i t a r y  f u n c -  
t ions  in s t a t i o n a r y  d y n a m i c  p r o b l e m s .  

The  d i s p e r s i o n  of  the  p h a s e  v e l o c i t y  (3.8) and of the  l o g a r i t h m i c  d e c r e m e n t  (3.9),  l ike  the  t angen t  of 
the  ang le  of  m e c h a n i c a l  l o s s  (2.4), is  d e t e r m i n e d  by  the  p a r a m e t e r  wT, and in a c c o r d a n c e  with what  was  
s a id  in Sec.  2, the  Abe l i an  s i n g u l a r i t y  on ly  r e v e a l s  i t s e l f  v i a  the  f r a c t i o n a l  coe f f i c i en t  % The s i t ua t i on  is 
d i f f e r e n t  fo r  the  coe f f i c i en t  of a b s o r p t i o n  (~ (3.7) and the  modu lus  k of the  wave  v e c t o r  (3 .6) ,  in which  the  
f r e q u e n c y  w a p p e a r s  s e p a r a t e l y  as  a f a c t o r  as  we l l  a s  in the  p r o d u c t  wv. Hence ,  for  the  w e a k l y  s i n g u l a r  
h e r e d i t a r y  func t ions  c o n s i d e r e d  h e r e ,  ~ and k i n c r e a s e  i n d e f i n i t e l y  as  w ~ ~;  th i s  is  a lways  t r u e  fo r  k. 
F o r ,  le t  us  w r i t e  the  wave  c h a r a c t e r i s t i c s  for  the  h e r e d i t a r y  k e r n e l s  (1.4) and (1.6),  by  s u b s t i t u t i n g  (2.6),  
(2.7) and (2.10) in  (3 .6)- (3 .9) .  As a r e s u l t ,  

~, ~ : 2 -'/~ coo -i co {[l + 2v ((o~) -~ cos * + v ~ ((o~)-2~1 '/~ :t: [ 1 q- v (co~) -~ cos ~pl}'/~, (3.1 O) 

H e r e ,  the  p lu s  s i gn  holds  for  k, and the  minus  for  ce. When 2/= 1 (Maxwel l  mode l ) ,  (3.10) s i m p l i f i e s  
c o n s i d e r a b l y  

~, 0~ = 2 -'/~ c~o-~ co {[i + ~ (~ '0-~1 '/~ q- t }'/~, ( 3 . 1 1 )  

The a s y m p t o t i c  b e h a v i o r s  of  k and ~ for  high and low f r e q u e n c i e s  a r e  of  i n t e r e s t .  When T # 1, we 
have 

~ > ~ 1 ,  k ~ c c o - i o ) [ l  ~ - l A v ( o ) ~ ) - ~ c o s $ ]  (3.12) 

0) ~ i,  k ~ c - i  (V/~)1/~ r ~ cos lh~ . (3. i3)  

Consequen t ly ,  k i n c r e a s e s  i nde f in i t e l y ,  r o u g h l y  l i n e a r l y ,  as  w ~ ,  whi le  it t e n d s  to z e r o  as  w -* 0. 

When 7 ;~ 1, the  s i t ua t i on  is  s i m i l a r  fo r  the  c o e f f i c i e n t  of  a b s o r p t i o n  a ,  the  a s y m p t o t i c  e x p r e s s i o n s  
for  which  a r e  

(3.14) 
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~ 0 ~ l  ~ ..~ %j~ (~y)  ~/~ (0~-'/~ Y sin % , .  (3.15) 

F o r  M a x w e l l ' s  m o d e l  [7 = 1, e x p r e s s i o n  (3.11)], the  a s y m p t o t i c  b e h a v i o r s  of k and c~ a r e  g iven  by  

(:~ >~- l) k ~. c o~-1 ~0 [1 -}- I/~ (~/2c0~)2], ~ ~ i/~ c co-1 ~T-1 [l - -  1/~(~/2r ( 3 . 1 6 )  

((0 ~ i) k.~..~co~-~o~'/,(v/2v)'/~ (3.17) 

Thus ,  wi th  ~/= 1 and as  w -~ ~ ,  the  a b s o r p t i o n  a is  f r e q u e n c y - i n d e p e n d e n t  to a f i r s t  a p p r o x i m a t i o n  
and def ined  by  the  cons t an t  (2c~T) - i  p. Th i s  e s s e n t i a l  d i f f e r e n c e  in  the  b e h a v i o r  of a in the  c a s e s  ~/ r 1 
and 7 = 1 at high f r e q u e n c i e s  w c o n f i r m s  the c o n c l u s i o n s  of  Sec. 2. E x p e r i m e n t a l  s tudy  of  the  d i s p e r s i o n  
of the  c o e f f i c i e n t  of a b s o r p t i o n  [15] in a wide f r e q u e n c y  r a n g e  c o n f i r m s  (3.10), i . e . ,  the  fact  tha t ,  as  the  
f r e q u e n c y  r i s e s ,  the  coe f f i c i en t  of a b s o r p t i o n  i n c r e a s e s  and shows  no t e n d e n c y  to b e c o m e  c o n s t a n t .  

In the  c a s e  of k e r n s l s  (1.4) and (1.6), the  fo l lowing  a r e  ob ta ined  fo r  the speed  c of  wave  p r o p a g a t i o n  
and the  l o g a r i t h m i c  d e c r e m e n t  A: 

c ---- V'2 coo {[t + 2v ((o'~) -'~ cos ~p -t- ~ (~o~) -~'~ l 'h -4- [i + v ((o'v) -'~ cos ~]}-'/' (3.18) 
A ~ 

[t -+- 2v ((o~) -'~ cos ~p -~- ~ ((o~:)-~'~ ] '/~ + [i -{- v ((o'~) -'~ cos .1 ' (3.19) 

When ~/= 1, we ge t  

c = l/~ coo{[1 q- ~ (0)~)~]'12 _1_ iF'1~ A ----- l / -~  c c - i  {it -t- v 2 (0)~)-~l'/~ --  i}'/~. (3.20) 

The a s y m p t o t i c  b e h a v i o r s  of c and A at high and low f r e q u e n c i e s  a r e  g iven  by  
T=/=I 

((a >~> t) c = c~ [ i - -  %v (~)-v cos ~], a ~ ~ v ((o~)-Vsin~ (3.21) 

(~<~ 1) c ~cccv-~/~((ov)~hsac%~, h ~ 2 ~  [t --v-i((0~) ~] t g l / ~  (3.22) 

((0>~.i) c~%o[i--~/sv,((0~)-'~], h~av((ov)- i  (3.23) 

(oJ~l )  c.~coo(2(o~-~)'1~ , h ~[i--v-~(~v)]  23 , (3.24) 

E x p r e s s i o n s  (3 .10)-(3 .24)  c o n f i r m  the  c o n c l u s i o n s  r e a c h e d  in Sec.  2. A s tudy  of  the  wave  c h a r a c t e r -  
i s t i c s  for  s y m m e t r i c  eT - func t i ons  m a y  be  found in [16]. 

In c o n c l u s i o n ,  the  au tho r  thanks  Yu. N. Rabotnov  for  d i s c u s s i o n .  
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